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Dipartimento di Fisica, Università di Camerino, I-62032 Camerino, Italy
(Received 14 December 2005; published 21 April 2006)
We analyze the effects of imbalancing the populations of two-component trapped fermions, in the BoseEinstein condensate limit of the attractive interaction between different fermions. Starting from the gap
equation with two fermionic chemical potentials, we derive a set of coupled equations that describe
composite bosons and excess fermions. We include in these equations the processes leading to the correct
dimer-dimer and dimer-fermion scattering lengths. The coupled equations are then solved in the ThomasFermi approximation to obtain the density profiles for composite bosons and excess fermions, which are
relevant to the recent experiments with trapped fermionic atoms.
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Two recent experimental studies of superfluid trapped
Fermi atoms with imbalanced populations [1,2] have raised
novel interest in the physics of the BCS-Bose-Einstein condensation (BEC) crossover. Density profiles of the two
fermionic species [1,2] as well as vortices [1] have been
detected. A quantum phase transition to the normal state on
the weak-coupling side of the BCS-BEC crossover [1] as
well as a phase separation in the crossover region [1,2],
both driven by density imbalance, have been identified.
The many-body problem becomes richer when the fermionic populations are imbalanced, since this additional
degree of freedom gives rise to new phenomena. The
effects of density imbalance on fermionic superfluids
have been studied theoretically mostly within mean field
and on the weak-coupling (BCS) side of the crossover, both
for the homogeneous [3] and trapped case [4]. Only recently these calculations have been extended to cover the
BCS-BEC crossover [5,6], but without considering the
effects of the trap which are essential to account for the
experimental results with density imbalance [1,2].
The effects of the trap are especially important to produce a phase separation between the density profiles of the
two fermionic species, which may otherwise remain at the
verge of an instability for a homogeneous system. In this
respect, consideration of the strong-coupling (BEC) side of
the crossover appears relevant, since phase separation is
more robust in this limit. (On the weak-coupling side, on
the other hand, density imbalance acts to quickly destroy
the superfluid phase.) In addition, on the BEC side theoretical studies can rely on more accurate treatments beyond
mean field, by exploiting the diluteness condition of the
system. From previous experience on the BCS-BEC crossover, one expects the results obtained on the BEC side to be
qualitatively similar to those occurring near unitarity.
Accordingly, in this Letter we analyze the BEC side of
the crossover where trapped fermions with imbalanced
populations get rearranged into a system of composite
bosons (dimers) plus a number of excess (unpaired) fermions. We consider specifically the limit of low temperature,
whereby all dimers are condensed, and derive a set of
coupled equations describing the dimers and the excess
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fermions, which are interacting through dimer-dimer and
dimer-fermion scattering processes. To the extent that the
system is dilute, we can consider these processes exhaustively. Because of these interactions, the mutual effects between dimers and excess fermions need to be dealt with
self-consistently in the equations. This results in a nontrivial evolution of their density profiles as the degree of
density imbalance increases. We determine numerically
these density profiles within a local approximation and
find that dimers and excess fermions tend to reside in
different spatial regions of the trap. We also show how
from these profiles one can extract the dimer-fermion
scattering length.
We consider first the derivation of the above coupled
equations within mean field. When the populations of the
two fermionic species (labeled by " and # ) are equal, it has
already been shown [7] that the Bogoliubov-de Gennes
(BdG) equations for trapped fermions can be mapped in
the BEC limit onto the Gross-Pitaevskii equation for composite bosons, the only remnant of the original fermionic
nature residing in the dimer-dimer scattering length entering that equation. In the case of interest here of imbalanced
populations, this mapping has to be reconsidered since
composite bosons and excess fermions coexist and mutually interact.
The presence of two fermionic species with populations
N" and N# requires us to introduce two chemical potentials
" and # . (For definiteness, we assume N"  N# .) In
analogy to Ref. [7], we consider the noninteracting
Green’s functions which satisfy the equation i!s 
H  rG~0 r; r0 ; !s j   r  r0 , being subject to the
trap potential Vr entering the single-particle Hamiltonian
H  r  r2 =2m  Vr   . Here,   "; #, m is
the fermion mass, and !s  2s  1= (s integer) is a
fermionic Matsubara frequency ( being the inverse temperature). With these noninteracting Green’s functions we
form the matrix:
"
#
G~0 r; r0 ; !s j" 
0
0
^
G 0 r; r ; !s  
:
0
G~0 r0 ; r; !s j#
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The corresponding interacting single-particle Green’s
functions within mean field are obtained by solving the
integral equation:

density imbalance. The gap equation reads:
0

^ r0 ; !   G^ r; r0 ; ! 
Gr;
s
0
s
Z
^ 00 ; r0 ; ! ;
^ 00 Gr
 dr00 G^0 r; r00 ; !s Br
s

^
Br




0
 r

r
0



contains the local gap r. Solution of the integral Eq. (1)
is equivalent to the solution of the BdG equations in the
trap in the presence of density imbalance.
The elements G11 and G22 of the matrix (1) determine
the local densities, while the element G21 determines the
local gap. To obtain the coupled equations of interest we
expand them up to order 2 and 3 , respectively, in
analogy to what was done in Ref. [7] in the absence of

1
1 X i!s 
 r 
e
G21 r; r; !s 
v0
 s


1
1
2
b rr  r 
 a0 r  r
2 0
v0
 c0 rjrj2  r;

(1)
where

(2)

where  is a positive infinitesimal and v0 <0 is the
strength of the attractive contact potential between fermions of opposite spins. As in Ref. [7], the coefficients a0 , b0 ,
and c0 of Eq. (2) are expressed in terms of the Green’s
functions G~0  , here with chemical potentials  appropriate to imbalanced populations. While b0 r
maF =16 retains the same value as for equal populations
(where aF is the fermionic scattering length), a0 and c0 are
affected by density imbalance in a relevant way. With the
local ansatz for G~0   introduced in Ref. [7] in terms of
the Green’s functions of the associated homogeneous problem, we obtain at low temperature:

Z dk f1  f k  Vr  "   f k  Vr  # g
1
1
2m
2m
 a0 r  
k2
v0
v0
23





2Vr
"
#
m
2
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2

m2 aF
1
B  2Vr  nf r;
0
8

(3)

where f  exp  11 is the Fermi function. We
have made use of the fermion bound-state equation with
binding energy 0  ma2F 1 , introduced the bosonic
chemical potential B  "  #  0 , and anticipated
that # 0 while " F n, where F n is the
Fermi level of free excess fermions with density:

Z dk  k2

Vr


f
:
(4)
nf r 
"
23 2m

the term proportional to nf in Eq. (5), to yield in Eq. (7)
the density of excess fermions:

Equation (3) can be cast in the meaningful form


1
m2 aF
3aBF
B  2Vr 
nf r ; (5)
 a0 r
v0
8
m

By this mechanism, Eq. (7) contains the effect of the
fermionic distribution nr on the bosonic one, an effect
which is reciprocated in Eq. (8) by the bosonic distribution
jrj2 on the fermionic one.
The final equation results from considering the total
density nr  n" r  n# r where:

where we have identified the dimer-fermion scattering
length aBF which takes the Born value 8aF =3 at the
mean-field level. We obtain, in addition,
@ @
c0 r  
a r
@" @# 0

@nf r
m3 a3F
 m2 a4F

: (6)
@"
16

The gap equation (2) eventually reduces to the following
equation
for the condensate wave function r 
p
m2 aF =8r:


r2
3aBF

nr r
r  2Vr 
2mB
m
4aB
jrj2 r  B r; (7)

mB
where mB  2m is the dimer mass and the dimer-dimer
scattering length aB takes the Born value 2aF at the meanfield level. Note how the last term in Eq. (6) combines with

@nf r
3aBF
jrj2
@"
m


Z dk
k2
3aBF
2

Vr

jrj
f


" :
m
23 2m
(8)

nr  nf r 

nr 

1 X i!s 
e
G11 r; r; !s   ei!s  G22 r; r; !s 
 s
nr  2jrj2 :

(9)

Equations (7) and (9), together with the definition (8),
are the desired closed set of equations which determine
r and nr in theRBEC limit, for given total number of
fermions
R N"  N#  drnr and density imbalance N" 
N#  drnr.
The validity of these equations can be extended by
improving on the values of the scattering lengths aBF and
aB . At the mean-field level so far considered, these values
correspond to the Born approximation, yielding aBF 
8aF =3 and aB  2aF . The exact value 1:18aF of aBF has
been known for some time [8], while the exact value 0:6aF
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of aB was determined only recently [9]. These values have
also been obtained by diagrammatic methods in the limit of
vanishing density, for aBF in Ref. [10] and for aB in
Ref. [11]. To improve on the derivation of Eqs. (7) and
(9), so as to include the exact values of aBF and aB , we thus
need to identify additional fermionic diagrams beyond
mean field, which contain the correct diagrammatic sequences for aBF and aB as subunits. This can be achieved
as follows.
In the BEC limit, the gap equation can be interpreted as
the condition of vanishing ‘‘tadpole’’ insertions for composite bosons, with a natural extension of what is done for
pointlike bosons [12]. Within mean field, the diagrams
representing this condition are depicted in Fig. 1(a).
Here, a composite-boson propagator with zero fourmomentum can be inserted from the left, while the gap 
corresponds to a condensate line. We have already shown
that these diagrams contain the dimer-fermion and dimerdimer scattering processes within the Born approximation.
Additional tadpole diagrams, whose effect is to modify the
values of aBF and aB in Eq. (7), are depicted in Figs. 1(b)
and 1(c) in the order. These diagrams exclude the Born
contributions already included in the mean-field diagrams
of Fig. 1(a). A comment is in order on how to factor out
from the diagrams of Fig. 1(b) the product aBF times n
that enters Eq. (7). From the structure of these diagrams

one concludes that the integration over the wave vector P is
p
bounded within the Fermi sphere with radius 2m" ,
while the remaining integrations over the wave vectors q,
q0 ; . . . extend outside this Fermi sphere. Accordingly, one
may neglect the P dependence everywhere in the diagrams
of Fig. 1(b), except in the fermion propagator labeled by P
and corresponding to a spin- " fermion. The density of
excess fermions results in this way from the P integration,
while the remaining parts of the diagrams yield the exact
dimer-fermion scattering matrix T30 0, which excludes the
Born contribution resulting from mean field.
A similar analysis can be carried out for the density
Eq. (9), where only the value of the dimer-fermion scattering length aBF needs to be corrected beyond mean field
[cf. Eq. (8)].
We thus solve the coupled Eqs. (7) and (9) with the exact
values of aBF and aB . To make contact with the recent
experimental findings [1,2], we determine the density profiles nr and n0 r  jrj2 by solving these equations
in the Thomas-Fermi approximation for a spherical trap, as
functions of the asymmetry parameter   N" 
N# =N"  N#  (with 0  1).
In Fig. 2 we report the density profiles nr and n0 r
versus the distance r  jrj from the center of the trap, for
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FIG. 1 (color online). Tadpole diagrams for composite bosons
representing the gap equation in the BEC limit: mean-field
contributions (a), contributions including the dimer-fermion
(b), and dimer-dimer (c) scattering processed beyond the Born
approximation. Full line: fermionic propagator of given spin;
broken line: fermionic interaction v0 .

FIG. 2. Density profiles nr (full lines) and n0 r (broken
lines) vs r  jrj for kF aF 1  3 and   0:2 (upper panel),
  0:5 (middle panel),   0:8 (lower panel) [r is in units of
RTF and densities are in units of N"  N# =R3TF ]. The insets
show the results for kF aF 1  1 at the same values of . Here,
RTF and kF are the Thomas-Fermi radius and Fermi wave vector
for equal populations.
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FIG. 3. Critical radius Rc of the condensate density vs the
asymmetry parameter  [normalized to the value Rc 0 at  
0] for the coupling values kF aF 1  1; 2; 3 from bottom to
top. The inset shows the ratio between the column density of
excess fermions at the center of the trap and its maximum value
at Rc vs aBF =aF , for   0:5 and the coupling values kF aF 1 
2; 3; 4 from bottom to top.

three characteristic values of  and for the coupling
kF aF 1  3 on the BEC side of the crossover. The spatial
separation between the condensed composite bosons and
the excess fermions is evident from these plots [13]. For the
coupling here considered, this phase separation occurs for
all values of , because nr tends to set outside the
region occupied by n0 r. Note that, for each value of ,
the maximum of nr occurs where n0 r vanishes. Note
also the progressive shrinking of n0 r for increasing ,
with a simultaneous penetration of nr toward the center
of the trap. The presence of both n0 and n in the same
spatial region can be related to the occurrence of the
homogeneous gapless superfluid which was discussed in
Ref. [6]. The insets show the results for the smaller coupling kF aF 1  1. The phase separation between the two
species appears sharper in this case, corresponding to
enhanced effects of the dimer-fermion repulsion. [By solving also the full differential equation (7) we have verified
that this sharp phase separation remains, apart from a
minor rounding of the edges, for the typical particle numbers considered in the experiments.]
We have verified that for the column density profiles
considered in the experiments (which result from the above
profiles by integrating over, say, the z axis) the phase
separation appears less evident even Rfor kF aF 1  1,
since the corresponding distribution dzn ; z leaks
toward  0 where it acquires a finite value.
Our calculation does not reveal evidence for a critical
value c below which phase separation does not occur.
This contrasts with the experimental claim of Ref. [2],
where at unitarity c was estimated to be about 0.10. [14].
In Fig. 3 the critical radius Rc of the condensate density
is plotted versus  for different couplings, showing spe-
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cifically how the condensate density shrinks for varying 
and coupling. This quantity should have direct experimental access, because it identifies also the position of the
maximum of the density of excess fermions. This maximum value can be compared with the value of the excess
density at the center of the trap, to determine how their
ratio depends on the dimer-fermion scattering length aBF
(assuming that the value of aB is independently determined). Column density profiles are found to have a
more marked dependence on aBF than density profiles.
Accordingly, in the inset of Fig. 3 we report the corresponding ratio
versus aBF for   0:5 and different
couplings. The rather marked dependence on aBF shown
by this quantity should make it possible to extract from the
experimental data the expected value 1.18 of aBF =aF , using
our plots for calibration.

[1] M. W. Zwierlein, A. Schirotzek, C. H. Schunck, and W.
Ketterle, Science 311, 492 (2006).
[2] G. B. Partridge et al., Science 311, 503 (2006).
[3] R. Combescot, Europhys. Lett. 55, 150 (2001); W. V. Liu
and F. Wilczek, Phys. Rev. Lett. 90, 047002 (2003);
H. Caldas, Phys. Rev. A 69, 063602 (2004);
A. Sedrakian, J. Mur-Petit, A. Polls, and H. Müther,
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