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We exploit the symmetries associated with the stability of the superfluid phase to solve
long-standing problem of interacting bosons in the presence of a condensate at zero temper
Implementation of these symmetries poses strong conditions on the renormalizations that
the singularities of perturbation theory. The renormalized theory gives the following: Ford . 3
the Bogoliubov quasiparticles as an exact result; for1 , d # 3 a nontrivial solution with the
exact exponent for the singular longitudinal correlation function, with phonons again as low-ly
excitations. [S0031-9007(97)02495-2]

PACS numbers: 03.75.Fi, 11.10.Hi, 67.40.–w
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The problem of understanding the low-lying excit
tions from the ground state of an interacting Bose syst
has been one of the major problems of condensed m
ter theory in the Fifties and Sixties. The first solutio
to this problem was given by Bogoliubov as a gener
ized Hartree-Fock approximation [1]. Numerous pap
were then devoted to analyze the corrections to this
proximate solution [2–12]. Apart from approximation
showing a gap in the excitation spectrum, all attempts
improve the Bogoliubov approximation encountered t
difficulty of a singular perturbation theory (PT) plague
by infrared (IR) divergences, due to the presence of
Bose-Einstein condensate and the Goldstone mode [2,

A systematic study of these IR divergences has b
long delayed because they appeared only at intermed
steps of the calculations while physical quantities turn
out to be finite [2]. That problems could arise in P
was originally recognized by Gavoret and Nozières [
indeed later [5] it was found that the exact anomalous s
energy (at zero external momentum) has to vanish [13]
contrast with the finite value obtained by the Bogoliub
approximation. This result questions the validity of P
and requires a properly renormalized theory.

To take care of the IR divergences at arbitrary spatial
mensiond greater than 1, we exploit the renormalizatio
group (RG) approach. In its standard application the R
approach sums up the singularities of PT and provides
power-law behavior of physical quantities which is chara
teristic of critical phenomena. Here we deal instead wit
stable superfluid phase, for which exact cancellations
stead of resummations) of singular terms are expecte
occur in physical response functions. It appears thus c
cial to exploit the underlying (local-gauge) symmetry a
the related Ward identity (WI) which implement these e
act cancellations, as required on physical grounds. In
paper we combine the RG approach with the WI to obt
the solution to the problem [14].

To be more explicit we use the WI to (i) establis
constraints on the RG procedure, (ii) relate renormali
0031-9007y97y78(9)y1612(4)$10.00
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tion parameters to physical quantities, and (iii) achie
the cancellation of singularities in the response functio
[15]. In this way, the number of marginal and releva
running couplings (which area priori necessary to study
the IR behavior of interacting bosons ford # 3) is re-
duced to only one, e.g., the longitudinal two-point verte
function Gll . In addition, we are able to close the equ
tion for Gll , thus providing theexact IR behavior for the
zero-temperature interacting Bose system. The result
solution is quite different from the Bogoliubov one despi
the coincidence of the linear spectrum. In particular, w
free the Gavoret and Nozières results from the provisio
posed by the occurrence of IR divergences [3] and reco
the result of Ref. [5] for the anomalous self-energy.

We consider the following action for the Bose system

S ­
Z b

0
dt

Z
dx

n
cpsxdf2≠t 1 mgcsxd 2 js= 2 iAdcsxdj2

2
y

2
jcsxdj4 1 csxdlpsxd 1 cpsxdlsxd

o
,

(1)

where csxd [with x ­ st, xd] is a bosonic field obeying
periodic boundary conditions in the imaginary timet and
b is the inverse temperature (we seth̄ ­ 1 andm ­ 1y2).
In (1) lsxd and sssmsxd, Asxdddd ­ Ansxd (n ­ 0, . . . , d) are
external “sources” introduced to obtain the correlatio
functions. At the end of the calculationmsxd recovers
the constant valuem of the chemical potential, whilel
and A are left to vanish. The interaction potentialy is
taken to be constant in momentum space, as its momen
dependence is found to be irrelevant for the IR behavio

The action (1) allows for spontaneous broken gau
symmetry; in that case, it is convenient to distinguis
between longitudinal (cl) and transverse (ct) components
to the broken-symmetry direction by settingcsxd ­
clsxd 1 ictsxd andcpsxd ­ clsxd 2 ictsxd (with a real
order parameter).

By differentiating the free energyFfAn , lig ­
ln

R
D clD ctexphSj with i ­ l, t and l ­ ll 1 ilt,
© 1997 The American Physical Society
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we obtain, as usual, the connected correlatio
functions, such as the “condensate wave functio
ci0 ­ kcisxdl ­ dFydlisxd and the one-particle Green
function Gij ­ d2Fydlidlj. It is further convenient
to introduce the Legendre transform ofF with re-
spect to l, GfAn , ci0g ­

R
dxlisxdci0sxd 2 FfAn , lig,

whose derivatives are the vertex functionsGi1···in;n1···nm ­
dsn1mdGydci10 · · · dcin0dAn1 · · · dAnm

associated with the
one-particle irreducible diagrams of PT.

In the broken-symmetry phase we keep the value
the condensatekclsxdll­0 ­ cl0 fixed. Accordingly, we
introduce the fieldsc̃i with vanishing averages for van-
ishing external sources, such thatclsxd ­ cl0 1 c̃lsxd
and ctsxd ­ c̃tsxd. The mean-field propagatorsGij are
then obtained from the quadratic part of the actionSQ ­
2s1y2d

P
k c̃is2kdQijskdc̃jskd, where

Qskd ­ 2

√
3yc

2
l0 2 m 1 k2 2vn

vn yc
2
l0 2 m 1 k2

!
, (2)

with k ­ sivn, kd (vn being a Matsubara frequency)
In the following we consider the zero-temperature lim
where vn becomes a continuous variablev. Enforc-
ing the mean-field Bogoliubov conditionc2

l0 ­ myy

yields the IR behavior Gtt , sv2 1 c2
0k2d21,

Glt , vsv2 1 c2
0k2d21, and Gll , k2sv2 1 c2

0k2d21,
where c0 ­

p
2m is the mean-field value of the sound

velocity. This singular IR behavior is associated wit
the presence of the Goldstone mode. Recall that
the standardc representation the Bogoliubov propaga
tors [G11skd ­ G22s2kd ­ Gttskd 1 Gllskd 2 2iGltskd
and G12skd ­ G21skd ­ 2Gttskd 1 Gllskd] share a
common sv2 1 c2

0k2d21 IR behavior and the normal
[S11skd ­ 2m] and the anomalous [S12skd ­ m] self-
energies satisfy the Hugenholtz-Pines (HP) identi
S11s0d 2 S12s0d ­ m [16]. In thecl,t representation, on
the other hand, the various propagators havedifferent IR
behavior since the Goldstone-mode singularity is kept
the transverse direction. This choice is crucial to sele
the interaction terms according to their relevance [12].

To allow for the RG treatment, it is convenient to
rewrite the matrixQskd in a more general form:

Qskd ­

µ
yll 1 zllk2 1 ullv

2 ylt 1 wltv

ylt 2 wltv ytt 1 zttk2 1 uttv
2

∂
,

(3)
where additional terms (running couplings) have be
introduced with respect to (2). We also introduc
running couplings for cubic (yttt , yltt, . . .) and quartic
(ytttt , ylttt, ylltt, . . .) interaction terms, where the cubic
terms originate from the presence of the condensa
A perturbative expansion is then set up, as usual,
regarding the quadratic action associated with (3) as
free part and the remaining terms as perturbations.
the absence of external sourcesytt and ylt vanish by
symmetry, as shown below. The resulting PT, bein
massless, is plagued by IR divergences already at
one-loop level in spatial dimensiond # 3 [2,3].
n
n”

of

.
it

h
in
-

ty

in
ct

en
e

te.
by
the
In

g
the

Renormalization of the IR divergencies requires a
preliminary power counting for the running couplings.
This is conveniently done by keeping dimensionless th
minimal set of couplings (yll , wlt , ztt) that yields the
linear part of the Bogoliubov spectrum. We thus rescal
them and the fields by appropriate powers ofc0. In
this way, fGttg ­ 22, fGltg ­ 21, and fGllg ­ 0, where
fAg stands for the engineering dimensions ofA. For
simplicity, from now on we shall omit indicatingc0
whenever not strictly necessary. We thus havefxg ­ 21,
ftg ­ 21, fclsxdg ­ sd 1 1dy2, fctsxdg ­ sd 2 1dy2, and
fGsnl1ntd

l···lt···t sk1, . . .dg ­ 2nlsd 1 1dy2 2 ntsd 2 1dy2 1 d 1 1.
The upper critical dimension isdc ­ 3 [17]. For
d # 3 the running couplings controlling the IR behav-
ior have dimensionsfyllg ­ fwltg ­ futtg ­ fzttg ­ 0,
fylttg ­ ey2, andfyttttg ­ e, with e ­ 3 2 d. Although
ylt , ytt , andyttt would be strongly relevant, they vanish
identically for vanishing external sources.

One could proceed at this point and derive the RG
equations for the running couplings. As mentioned abov
however, contrary to critical phenomena in the presen
case of a stable phase, a singular PT has to result
finite response functions. It is clear that cancellation
of IR divergences in physical quantities signal definite
connections among the running couplings. In the prese
context these connections stem from the local gaug
symmetry and are obtained by examining the associat
Ward identities [15].

In our formalism the WI result from the local-gauge
invariance of the functionalG, namely,

GfffAn 1 ≠nasxd, Rijfasxdgcj0ggg ­ GfAn , ci0g , (4)

Rijsad being the two-dimensional rotation matrix with
anglea in the space of the fieldscl andct. This equa-
tion follows from the invariance of the action (1) un-
der the gauge transformationcsxd ! eia sxdcsxd, lsxd !
eia sxdlsxd, andAnsxd ! Ansxd 1 ≠nasxd with asxd real
function. Taking successive functional derivatives of (4
with respect toa, c0i , andAn yields an infinite set of WI.
For our purposes only the following five WI are relevant
The first two, which encompass the HP identity, are

Gtlskdcl0 1 Gts0d 2 iknGl;ns2kd ­ 0 , (5)

Gttskdcl0 2 Gls0d 2 iknGt;ns2kd ­ 0 . (6)

In the limit kn ! 0 they relate the two-point vertices
to the external sourcesli ­ Gis0d and state thatylt ­
Glts0d andytt ­ Gtts0d vanish whenli ­ 0. No gap thus
appears in the one-particle spectrum. The second coup
of WI,

Gttlsk1, k2dcl0 1 Gtts2k2d 2 Gllsk1 1 k2d2

isk1dnGtl;nsk2, 2k1 2 k2d ­ 0 , (7)

Gtttsk1, k2dcl0 2 Glts2k2d 2 Gltsk1 1 k2d2

isk1dnGtt;nsk2, 2k1 2 k2d ­ 0 , (8)
1613
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are the standard WI associated with the continuity equ
tion, modified now by the presence of the three-poi
vertices. In the limit k1 ­ 0 and k2 ! 0 they yield
ylttclo ­ yll andyttt ­ 0. The last of our WI is

Gttttsk1, k2, k3dcl0 2 Gltts2k2 2 k3, k2d2

Glttsk1 1 k3, k2d 2 Glttsk1 1 k2, k3d2

iskidnGttt;nsk2, k3, 2k1 2 k2 2 k3d ­ 0 , (9)

from which we obtainyttttcl0y3 ­ yltt for vanishingk’s.
From the above WI we also relate the running couplin

to the (composite) current vertices and response functio
Specifically, in the limitk ! 0 we obtain

wlt ­
1

cl0

≠2G

≠cl0≠m
, utt ­ 2

1

c
2
l0

≠2G

≠m2

Ç
cl0

, ztt ­
2ns

c
2
l0

,

(10)

where ns is the superfluid density (Josephson identity
We also haveyll ­ s≠2Gy≠c

2
l0dm by its very definition

[18]. We are left eventually with four running couplings
namely,yll , wlt , utt, and ztt, whose IR behavior can be
obtained exactly.

As a guide to the procedure for obtaining this behavio
the RG equations will be evaluated at the one-loop lev
Exploiting the e expansion and the minimal subtractio
technique we get

s
dyll

ds
­

c y
2
ll

2c̄
2
l0 z2

tt
, s

dwlt

ds
­

c yll wlt

2c̄
2
lo z2

tt
,

s
dutt

ds
­ 2

c w2
lt

2c̄
2
l0 z2

tt
, s

dztt

ds
­ 0 ,

(11)

where s ­ k0yk is the scaling factor (k being the
normalization point),cssd2 ­ yllssdzttssdyfyllssduttssd 1

wltssd2g is the square velocity entering the one-partic
propagator according to (3) and̄cl0ssd ­ cl0key2sey2

[19]. When d ­ 3 Eqs. (11) are equivalent to those o
Ref. [12], provided the coupling of Ref. [12] analogou
to ytttt is identified with 3yllyc

2
l0, consistently with the

above results.
Quite generally, the solutions of the coupled equatio

(11) take the form

zttssd ­ ztts1d wltssd ­
wlts1d
ylls1d

yllssd ,

uttssd ­ utts1d 1
wlts1d2

ylls1d
2

wlts1d2

ylls1d2
yllssd .

(12)

This implies that it is sufficient to determineyllssd.
Although we have derived (12) at the one-loop orde

we expect them to hold exactly on physical ground
owing to the identification (10) of the renormalization
parameters with physical quantities. To begin with, th
s ! 0 value of ztt is the rationsyn0 of finite physical
quantities (n0 ­ c

2
l0 being the condensate density) s

that divergences compensate each other in its express
leading to the first of (12). Regarding the second
1614
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(12), we obtain from (10) forwlt and the definition of
yll that the ratioyllywlt reduces to22n0ysdn0ydmdl

in the limit k ! 0. Here sdn0ydmdl is the “condensate
compressibility” which has to be finite for thermodynam
stability. Finally, from the definition ofcssd2 and (10)
we obtain thatcssd2 reduces toc2 in the limit s ! 0,
where now c2 ­ 2nsysdnydmdl is the square of the
macroscopic sound velocity (n being the density and
n ­ ns at zero temperature). By the very stability o
the bosonic system,c2 is free from IR divergences, thus
suggesting thatcssd is finite and does not scale withs, i.e.,
cssd ­ c ­ c0, apart from finite corrections originating
from nonsingular terms that do not enter the RG flo
Exploiting the first and second of (12), we verify that th
conditioncssd ­ const reduces to the third of (12).

The proof of the above statements is as follows.ztt

has to remain constant by inspection of the WI (6
which shows that the divergence ofztt expected by power
counting is actually not present, since it is related
nondiverging quantities.wlt can instead be identified with
yll via the WI (7) and (8), which relateyll to Gltt and
wlt to Gtt;0, respectively, the latter identification bein
obtained from thev derivative of (8). By inspection of
the leading singular terms to all orders in PT,Gtt;0 and
Gltt are then found to be proportional to each other [2
by the same procedure, the invariance ofcssd implied by
the last of (12) follows from the exact connection betwe
the singular parts ofG;00 andGll , associated, respectively
with utt andyll .

Determining the IR behavior is thus exactly reduced
solving for asinglerunning coupling, for instanceyll . In
particular, at the one-loop order we obtain

ylls1d
yllssd

­

8<: 1 2
ylls1d

2c̄l0s1d2ztts1d2 lns se ­ 0d ,

1 1
ylls1dss2e21d

2c̄l0s1d2ztts1d2e
s0 , e , 2d .

(13)

In both casesyll ! 0 as s ! 0, while for e , 0 yll

remains finite. We show below that the asympto
behavior (13) ofyll is actually exact.

The one-particle Green function resulting from (12) a
(13) have the form [19]

Gllskd ­

(
2

c n0 ln k
64p2n2

s
se ­ 0d

c n0K42e

8en2
s

k2e s0 , e , 2d

)
,

1
yll

,

Gltskd ­
dn0

dm

c2

4ns

v

v2 1 c2k2
, 2

wlt

yll

1
ztt

v

k2 1 v2yc2
,

Gttskd ­
c2n0

2ns

1
v2 1 c2k2

,
1

ztt

1
k2 1 v2yc2

,

where the asymptotic (k ! 0) values of the running cou-
plings have been identified via (10). Note that the
behavior ofGlt andGtt is completely and exactly deter
mined by the conditions (12) and is independent fromd
and the behavior ofyll . InsteadGll diverges logarithmi-
cally ask ! 0 whend ­ 3 and likek2e for 1 , d , 3
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[5,6,8]. Accordingly, we find that the anomalous sel
energyS12skd vanishes like1y ln k or like ke , with the
HP identity now readingS11s0d ­ m [5]. In addition to
recovering the result by Gavoret and Nozières [3] for t
propagators in thec representation, we have also obtaine
the divergent subleadingln terms [21]. Suchln terms,
on the other hand, can be shown to disappear altoge
in the expressions for the density-density, density-curre
and current-current response functions [5,20].

Althoughyllssd has been explicitly obtained at the one
loop order, we show now that its asymptotic behavior
exact. In fact, ford . 3 all interactions are irrelevant, the
Bogoliubov result is correct and no longitudinal divergen
appears. Ford ­ 3, all perturbation couplings to the Bo-
goliubov action are marginally irrelevant [12] and the re
sult obtained at the one-loop order is stable. For1 , d , 3,
the one-loop calculation presented above leads to a n
trivial fixed point [i.e.,yttttssdyke ! yp fi 0] with yll , se .
The WI resultyll ­ yttttc̄l0s1d2k2esey3 guarantees that
the exponent of the asymptotic behavior ofyll remains
e, irrespectiveof the actual valueyp of the nontrivial
fixed point, provided it exists. Thatke is actually the true
asymptotic behavior ofGllskd follows by expressing the
singular part ofGll in terms of the exactGttl andGtt:

Gllskd ­ B 2
y

0
ll

2

X
q

GttsqdGttsq 1 kdGttlsq, 2q 2 kd ,

(14)

whereB coincides with the bare couplingy0
ll ­ yllss ­ 1d

apart from finite contributions. The WI (7) allows on
eventually to expressGttl in terms ofGll itself, thus closing
Eq. (14) and providing the exact asymptotic behavi
Gllskd , ke . An analogous procedure was implemente
in Ref. [5].

Some final comments are in order. Contrary to th
theory of critical phenomena, where the WI do not provid
stringent conditions owing to the genuine divergences
physical quantities (such as the compressibility in t
gas-liquid transition), in our case the relevant physic
quantities are finite and the WI imply cancellations
the corresponding couplings. In this way, lines of fixe
points have to appear corresponding to different fin
values of the thermodynamic derivatives. It is also wor
noticing that the Bogoliubov mean-field solution for1 ,

d # 3 is infinitely distant (in the RG sense) from ou
nontrivial fixed point whenever the interparticle interactio
is nonvanishing. This is true despite the fact that t
resulting physical picture contains thesame low-lying
elementary excitations.
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