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Abstract: We investigate pairing fluctuation effects in a two band fermionic system, where a shallow
band in the Bardeen–Cooper–Schrieffer–Bose–Einstein condensation (BCS-BEC) crossover regime is
coupled with a weakly interacting deep band. Within a diagrammatic T matrix approach, we report
how thermodynamic quantities such as the critical temperature, chemical potential, and momentum
distributions undergo the crossover from the BCS to BEC regime by tuning the intraband coupling in the
shallow band. We also generalize the definition of Tan’s contact to a two band system and report the two
contacts for different pair-exchange couplings. The present results are compared with those obtained
by the simpler Nozières–Schmitt–Rink approximation. We confirm a pronounced enhancement of the
critical temperature due to the multiband configuration, as well as to the pair-exchange coupling.
Keywords: multi-band superconductivity; BCS-BEC crossover; ultracold Fermi gases

1. Introduction
Superconductivity and superfluidity play a central role in modern physics. The first microscopic
theory for superconductivity, namely the Bardeen–Cooper–Schrieffer (BCS) theory [1], has successfully
been applied to various quantum many body systems. On the other hand, some of them, in particular
so-called unconventional superconductors, involve nontrivial effects beyond the BCS theory due to their
complex band structures. In this regard, a theoretical model for multi-band superconductors was developed
by Suhl, Matthias, and Walker in 1959 [2]. This pioneering work is the starting point for the recent studies
of multi-component superconductors [3,4]. In condensed matter systems, such superconductors have
experimentally been discovered, e.g., in MgB2 [5] and iron based compounds [6]. From the theoretical
viewpoint, a variety of non-trivial phenomena has been proposed (e.g., topological phase soliton [7,8],
odd-frequency pairing [9], multiple Leggett mode [10], hidden criticality [11], stable Sarma phase [12],
and Lifshitz transitions with resonance effects and amplification of the critical temperature [13,14]).
As another direction toward the unconventional properties of superconductors, the crossover from
the weakly coupled BCS state to the Bose–Einstein condensate (BEC) of a tightly bound molecule with
increasing the two body attractive interaction has extensively been discussed [15,16]. In fact, this crossover
has been realized in ultracold Fermi atomic gases [17,18], and currently, various properties and fluctuation
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phenomena of this system have been investigated theoretically and experimentally [19–21]. Interestingly,
recent experiments of FeSe multi-band superconductors also indicated that this electron system is in the
BCS-BEC crossover regime [22–24].
Combining these two aspects of unconventional superconducting/superfluid properties is a
promising route toward room temperature superconductivity [25,26]. One striking feature predicted in the
multi-band BCS-BEC crossover is the screening of pairing fluctuations [26,27]. Since pairing fluctuations
are known to lower generally the superconducting/superfluid critical temperature, this screening effect is
expected to enhance the critical temperature compared to the single band counterpart. Indeed, a missing
pseudogap in the multi-band FeSe superconductors in the BCS-BEC crossover has been reported in a recent
experiment [28]. Since single particle spectra in a single band system in the BCS-BEC crossover regime
exhibit the pseudogap originating from strong pairing fluctuations [29–32], this experimental finding
supports the screening of pairing fluctuations due to the multi-band nature of the FeSe superconductor.
In addition, a recent torque magnetometry measurement also supports the absence of strong pairing
fluctuations in this system [33]. In contrast, other experimental works have reported superconducting
fluctuation effects in FeSe multi-band superconductors [23,34,35]. In this sense, we have to establish
a whole picture of this system to understand where multi-band FeSe superconductors locate in the
BCS-BEC crossover regime. In addition, since the realization of the multi-band BCS-BEC crossover
has been anticipated in Yb Fermi atomic gases, a systematic study is required to obtain a unified
understanding of these unconventional strongly coupled systems [36–41]. Such a study could promote
further interdisciplinary investigations of the BCS-BEC crossover, such as in nuclear systems and neutron
stars [21,42,43].
In this work, we theoretically investigate the multi-band BCS-BEC crossover and the effects of pairing
fluctuations within the framework of the many body T matrix approximation, extending our previous
work [27], which was based on the Nozières–Schmitt–Rink (NSR) approximation [44]. While this extension
is crucial to access dynamical quantities such as spectral functions, one has to examine also how higher
fluctuation effects beyond the NSR scheme appear in thermodynamic quantities. Specifically, as first
pointed out by Serene [45], the many body T matrix approximation sums all repeated scatterings of an
electron by independent pair fluctuations, while omitting vertex corrections and interactions between
fluctuations. The NSR approximation, as well, omits the latter, but it also misses the repeated scatterings
by independent fluctuations. Considering a two band configuration, where a strongly interacting
shallow band is coupled with a weakly interacting deep band through the pair-exchange couplings [46],
we show the evolution of the critical temperature, momentum distribution functions, chemical potential,
and occupation number densities in each band. This specific band configuration is physically motivated
by FeSe superconductors, which are believed to locate in the BCS-BEC crossover regime with a strongly
interacting shallow band [35] and for which the BCS-BEC crossover can be tuned by chemical doping [24].
Therefore, we systematically investigate thermodynamic quantities in the two band model by changing
the interaction in the shallow band from weak to strong. In this paper, we set h̄ = kB = 1, and the volume
is taken to be unity.
2. Hamiltonian
We start from the two band fermion model [27,47,48] described by the Hamiltonian:
H=

†
bQ,j .
∑ ξ k,i c†k,σ,i ck,σ,i + ∑ Uij ∑ bQ,i

k,σ,i

i,j

(1)

Q

where ck,σ,i is an annihilation operator of a fermion with momentum k and spin σ =↑, ↓ in the i band
(i = 1, 2). ξ k,i = ε k,i − µ is the kinetic energy measured from the chemical potential µ. We assume
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parabolic band structures with a common effective mass m1 = m2 = m in the momentum space as
ε k,i = k2 /(2mi ) + E0 δi,2 where E0 is the energy separation between the two bands. The second term
in Equation (1) is the interaction term with coupling constants Uij and the pair annihilation operator
k

bQ,i = ∑k0 c−k+Q/2,↓,i ck+Q/2,↑,i in the i band with center of mass momentum Q. k0 is a momentum cutoff,
taken to be k0 = 100kF,t where kF,t = (3π 2 n)1/3 is the Fermi momentum of the total system with the total
number density n. The intraband couplings Ujj can be characterized in terms of the intraband scattering
lengths a jj as:
k0
m
1
m
=
+∑ 2.
4πa jj
Ujj
k
k

(2)

In this work, we define the band Fermi momentum kF,i = (3π 2 n0,i )1/3 where n0,i is the number density
of each band in the absence of interactions at zero temperature, noting that n = n1,0 + n2,0 . Then, we fix
(kF,1 a11 )−1 = −4 while (kF,2 a22 )−1 is tuned from the weak coupling BCS to the strong coupling BEC regime.
For convenience, we also introduce a dimensionless pair-exchange coupling λ12 = U12 (k0 /kF,t )2 n/EF,t
(where EF,t = k2F,t /(2m)) and U21 = U12 . To realize the situation where the shallow band is close to the
3

Lifshitz transition [46], we take ζ ≡ E0 /EF,1 = 0.6, corresponding to n1,0 = [1 + (1 − ζ ) 2 ]−1 n ' 0.798n.
3. T Matrix Approximation for Two Band Systems
We examine the effects of pairing fluctuations on thermodynamic quantities by extending the many
body T matrix approach to the present two band system. We define the Matsubara–Green’s function in the
i band as:
Gi (k, iω` ) =

1
,
iω` − ξ k,i − Σi (k, iω` )

(3)

where ω` = (2` + 1)πT (` integer) is a fermionic Matsubara frequency at temperature T.
As diagrammatically drawn in Figure 1a, the self-energy Σi (k, iω` ) contains pair-fluctuation corrections as:
Σi (k, iω` ) = T ∑ ∑[ T̂MB (Q, iνl )]ii Gi0 (k − Q, iω` − iνl ),
Q

(4)

l

where Gi0 (k, iω` ) = (iω` − ξ k,i )−1 is the bare Green’s function, νl = 2lπT (l integer) is a bosonic Matsubara
frequency, and:
T̂MB (Q, iνl ) = [1 + Û Π̂(Q, iνl )]−1 Û

(5)

is the 2 × 2 many body T matrix (see also Figure 1b). Here, we have defined the matrix of coupling
constants as:
!
U11 U12
Û =
.
(6)
U12 U22
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(a)

=

i

^

TMB

(b)
^

^

TMB

U

=

^

+

TMB

Figure 1. Feynman diagrams of (a) the self-energy Σi and (b) many body T matrix TMB where single lines
represent bare Green’s functions Gi0 . The black box indicates the matrix of coupling constants Û.

The particle-particle propagator matrix Π̂(Q, iνl ) is given by:
Π11 (Q, iνl )
0

Π̂(Q, iνl ) =

0
Π22 (Q, iνl )

!
,

(7)

with:
Π jj (Q, iνl )

k0

= T ∑ ∑ G0j (k + Q, iω` + iνl ) G0j (−k, −iω` ).
k

`

k0

1 − f (ξ k+Q/2,j ) − f (ξ −k+Q/2,j )
,
iνl − ξ k+Q/2,j − ξ −k+Q/2,j

= −∑
k

(8)

where f is the Fermi function at temperature T.
Note that the particle-particle propagator matrix Π̂(Q, iνl ) is diagonal because in the Hamiltonian
(1), the two bands are coupled only by the Josephson interaction U12 associated with the transfer of a
pair from one band to the other one (as is usually assumed, following [2]). Off-diagonal terms would
appear only in the presence of cross–pairing interaction directly coupling fermions belonging to different
bands. The self-energy (4), which is obtained by applying standard Feynman rules for the perturbative
expansion of the single particle Green’s function, sums up an infinite series of ladder diagrams describing
the interaction of a fermion in a given band with a fluctuating pair. Mathematically, the fluctuating pair
interacting with fermions belonging to the band i is described by the matrix element [ T̂MB ]ii of the many
body T matrix. Physically, it corresponds to a pair that starts and ends in a given band after having
been transferred back and forth from and to the other band (as can be seen by expanding Equation (1) in
powers of Û Π̂).
In the following, we mention how to calculate the physical quantities of interest and the practical
differences with respect to the NSR approach used in our previous work [27]. To determine the chemical
potential µ, we numerically invert the particle number equation n = n1 + n2 with:
ni = 2 ∑ n̄i (k),

(9)

k

where n̄i (k) is the momentum distribution function in the i band, which is obtained from the Matsubara
frequency summation of the dressed Green’s function Gi (k, iω` ) with T matrix self-energy Σi (k, iω` ) as:
+

n̄i (k) = T ∑ Gi (k, iω` )eiω` 0 .
`

(10)
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+

The delicate frequency sum in Equation (10), with the convergence factor eiω` 0 , is performed by
adding and subtracting in the sum a non-interacting Green’s function, leading to:
n̄i (k ) = f (ξ k,i ) + T ∑ Gi (k, iω` )Σi (k, iω` ) Gi0 (k, iω` ),

(11)

`

where now, the sum over the frequency is absolutely convergent, and the convergence factor can
be dropped.
We note that the difference between the present T matrix approach and the Nozières–Schmitt–Rink
one [44,49] adopted in our previous work [27] consists in the form of Gi (k, iωn ) used in Equation (10).
Specifically, in the NSR approach, Dyson’s Equation (3) for Gi is truncated to first order as:
GiNSR (k, iω` ) = Gi0 (k, iω` ) + Gi0 (k, iω` )Σi (k, iω` ) Gi0 (k, iω` ),

(12)

while in the T matrix approach, Equation (3) is retained exactly. In the NSR approach, the fermions
in a given band thus interact only once with a fluctuating pair, while the full solution of Dyson’s
equation performed in the T matrix approach retains all repeated scattering of independent fluctuations.
On the numerical side, a simplification introduced by the NSR approach is that the NSR particle number
nNSR = nNSR
+ nNSR
, with:
2
1
+

= 2T ∑ ∑ GiNSR (k, iω` )eiω` 0 ,
nNSR
i
k

(13)

`

can also be obtained from the Equation [47]:
nNSR = 2 ∑ f (ξ k,i ) − T ∑ ∑
k

Q

l



∂
lndet 1 + Û Π̂(Q, iνl ) ,
∂µ

(14)

which with a numerical differentiation with respect to µ, avoids the calculation of the self-energy and the
nested sums over k, l, Q, ` required by Equations (4) and (13). The implementation of these nested sums is
instead unavoidable in the T matrix approach. Clearly, the NSR and T matrix approaches are essentially
equivalent when the self-energy corrections are small, while when this does not occur, quantitative
differences are expected in their results for thermodynamic quantities, such as, e.g., the chemical potential
µ and critical temperature Tc . For the BCS-BEC crossover in a single band, these differences turn out to be
rather moderate across the whole BCS-BEC crossover, even when the self-energy is not small [21]. We will
show below that the same occurs in the two band system considered in this work.
4. Results
As a first quantity, Figure 2 shows our results for the momentum distribution functions n̄i (k) in
the two bands at three different values of the coupling strength (kF,2 a22 )−1 spanning the BCS-BEC
crossover. The interband coupling parameter is taken at the values λ12 = 1 (left column) and λ12 = 2
(right column), while the temperature is set at the superfluid critical temperature Tc , as determined by
Equation (15) (the results for Tc are presented in Figure 3 below). In the weak coupling cases shown
in Figure 2a,d, where (kF,2 a22 )−1 = −1, the momentum distribution n̄i (k) in each band exhibits a clear
Fermi step, rounded by finite temperature. Indeed, when Σi (k, iω` ) ' 0, one sees from Equation (11)
that n̄i (k) is dominated by the Fermi–Dirac distribution function f (ξ k,i ). At the stronger couplings
(kF,2 a22 )−1 = 0 and (kF,2 a22 )−1 = 1 shown in Figure 2b,c,e,f, respectively, the interaction effects become
progressively more important. In the shallow band, in particular, the momentum distribution clearly
departs from the corresponding non-interacting distributions for both values of the pair-exchange coupling.
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(a) (kF,2a22)-1 = -1
λ12 = 1

0.8

i=1

0.6
0.4

(d) (kF,2a22)-1 = -1
λ12 = 2

i=2

0.2
0

ni(k)

0.8

(b) (kF,2a22)-1 = 0
λ12 = 1

(e) (kF,2a22)-1 = 0
λ12 = 2

(c) (kF,2a22)-1 = 1
λ12 = 1

(f) (kF,2a22)-1 = 1
λ12 = 2

0.6
0.4
0.2
0
0.8
0.6
0.4
0.2
0

0

0.5

1

1.5

20

0.5

1

1.5

2

k/kF,t
Figure 2. Momentum distribution functions n̄i (k ) at the superfluid critical temperature Tc identified by
Equation (15). The left column corresponds to λ12 = 1 and (a) (kF,2 a22 )−1 = −1, (b) (kF,2 a22 )−1 = 0, and (c)
(kF,2 a22 )−1 = 1, while the right column corresponds to λ12 = 2 and (d) (kF,2 a22 )−1 = −1, (e) (kF,2 a22 )−1 = 0,
and (f) (kF,2 a22 )−1 = 1. The coupling in the deep band is fixed at (kF,1 a11 )−1 = −4. The dotted curves
correspond to the free Fermi distribution functions f (ξ k,i ) calculated with the same chemical potential
and temperature.

For the deep band, instead, the effects are much weaker. This is because increasing the interaction in the
shallow band affects the fermions in the deep band only indirectly, through the pair-exchange coupling
λ12 . One sees indeed that the interaction effects on n̄1 (k) are more visible for the larger value of the
pair-exchange coupling.
Figure 3 shows the calculated superfluid critical temperature Tc for various values of the pair-exchange
coupling λ12 as functions of the coupling (kF,2 a22 )−1 in the shallow band. The superfluid critical
temperature is determined by employing the Thouless criterion, which for the present multi-band system,
corresponds to the equation:
det[1 + Û Π̂(Q = 0, iνl = 0)] = 0.

(15)
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0.8

Tc/TF,2

0.6

2b

TBEC

λ12 = 0
=1
=2
=4

0.4

0.2
single-band
0
-1

-0.5

0

0.5

(kF,2a22)

1

-1

1.5

2

Figure 3. Superfluid critical temperature Tc in the Bardeen–Cooper–Schrieffer–Bose–Einstein condensation
(BCS-BEC) crossover regime of the shallow band calculated for different values of the pair-exchange
coupling λ12 as a function of the coupling (kF,2 a22 )−1 in the shallow band. The black dotted curve represents
2b
the numerical result of the single band counterpart. The dashed line TBEC
= 0.218(n/n02 )2/3 TF,2 =
0.633TF,2 is the molecular BEC temperature when all particles in both bands form tightly bound molecules.
The coupling in the deep band is fixed at (kF,1 a11 )−1 = −4.

Physically, the Thouless criterion corresponds to a diverging pairing susceptibility in any of the two
bands. Coming from the normal phase, it can be obtained by calculating the pairing susceptibility within
linear response theory, with the many body T matrix diagrams as the central part of the corresponding two
particle Green’s function (see, e.g., [50]). Coming instead from the superfluid phase, the Thouless criterion
corresponds to the vanishing of the BCS gap in both bands. We stress in this respect that, as for the single
band case, the differences in the value of the critical temperature compared with the BCS mean field are
entirely due to the different particle number equation, which includes the effects of paring fluctuations
in the T matrix approach. One can see that Tc in the two band system is greatly enhanced in the strong
coupling regime for all values of λ12 , compared to the isolated single band counterpart. For λ12 = 0,
this behavior originates from the particle transfer from the deep band to the shallow band, as a result
of free energy minimization. Indeed, in the strong coupling limit, Tc approaches the BEC temperature
2b = 0.218( n/n0 ) 23 T
TBEC
F,2 = 0.633TF,2 , where all particles in both bands form tightly bound molecules.
2
Additionally, if one increases λ12 , the BEC limit is reached already at rather weak values of the coupling
parameter (kF,2 a22 )−1 . This finding can be understood as the increase of an effective intraband coupling
due to the pair-exchange induced interaction as:
eff
U22
(Q, iνl ) = U22 −

U12 U21 Π11 (Q, iνl )
.
1 + U11 Π22 (Q, iνl )

(16)

From Equation (16), one can see that the two body attractive interaction in the shallow band is
enhanced due to the pair-exchange coupling.
The effect of the pair-exchange coupling induced intraband attraction can also be found in the
evolution of the chemical potential at Tc . Specifically, for the sake of comparison with the single band
case, it is useful to consider the chemical potential µ2 ≡ µ − E0 referred to the bottom of the shallow
band, as presented in Figure 4. One sees that by increasing the pair-exchange coupling, the BEC limit
for the shallow band (corresponding roughly to µ2 < 0) is reached very rapidly compared with the
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single-band
λ12 = 0
=1
=2
=4

2/εF,2

0
-1
-2

-E0

-3
-4
-1

-0.5

0

0.5

(

F,2a22)

1

-1

1.5

2

Figure 4. Chemical potential µ2 ≡ µ − E0 referred to the bottom of the shallow band, at T = Tc for different
values of the pair-exchange coupling λ12 as a function of the coupling (kF,2 a22 )−1 in the shallow band.
The horizontal line − E0 corresponds to the bottom of the lower band. The dotted curves represent half of
the two body binding energy − Eb /2 in our two band configuration. The coupling in the deep band is fixed
at (kF,1 a11 )−1 = −4.

single-band case. When the chemical potential µ goes further below and crosses the bottom of the lower
band (corresponding to the dashed horizontal line µ2 = − E0 in Figure 4), the calculated values of the
chemical potential can be compared with the bound state solution of the two body Schrödinger equation:

 k2 ψ (k) + ∑ 0 [U ψ (k0 ) + U ψ (k0 )] = Eψ (k)
11 1
12 2
1
 k
m 2 1
 k + 2E0 ψ2 (k) + ∑k0 [U22 ψ2 (k0 ) + U21 ψ2 (k0 )] = Eψ2 (k),
m

(17)

where ψi is the two body wave function in the i band with E = 2E0 − Eb (and the binding energy Eb is
referred to the bottom of the lower band). After a straightforward calculation, we obtain the equation for
the binding energy Eb as:
(

"
!#)
p
m| Ei |
mk0 Uii
−1 p k 0
∏ 1 + 2π2 1 − k0 tan
m| Ei |
i =1,2
!#
"
p

2
m| Ei |
mk0 U12
k
0
−
∏ 1 − k0 tan−1 pm|E | = 0,
2π 2
i
i =1,2

(18)

where Ei = − Eb + 2E0 δi,1 . In Figure 4, one can find that µ2 is indeed in good agreement with − Eb /2 in
the strong coupling regime.
To confirm our scenario for the enhancement of Tc due to the particle transfer between bands, we also
calculate the occupation number density ni in each band. Figure 5 shows the calculated number densities
ni=1,2 in the BCS-BEC crossover regime. In the weak coupling limit, n1 and n2 approach the non-interacting
results n1,0 = 0.798n and n2,0 = 0.202n, as expected. For increasing coupling (kF,2 a22 )−1 , n2 increases
because the particles in the deep band flow into the shallow band. Note that a full transfer of particles from
the deep to the shallow band can be achieved even for vanishing pair-exchange coupling for sufficiently
strong interaction in the shallow band. On the other hand, a finite pair-exchange coupling induces the
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ni=1,2/n

0.8
0.6
4 2

λ12 = 0

0.4
0.2
0
-1

-0.5

0

0.5

(kF,2a22)

1

1.5

2

-1

Figure 5. Occupation number density n1 (decreasing functions) and n2 (increasing functions) at T = Tc for
different values of the pair-exchange coupling λ12 as a function of the coupling (kF,2 a22 )−1 in the shallow
band. The horizontal dashed lines represent n1,0 = 0.798n (upper line) and n2,0 = 0.202n (lower line).
The coupling in the deep band is fixed at (kF,1 a11 )−1 = −4.

mixing of two kinds of molecular BEC in the strong coupling regime [27]. As a result, n1 remains finite in
the strong coupling limit with finite λ12 .
The T matrix approach presented in this paper can address the pair correlations from the momentum
distribution functions n̄i (k). Figure 6 shows the calculated n̄i (k) multiplied by (k/kF,t )4 at (kF,2 a22 )−1 = 0,
T = Tc (and (kF,1 a11 )−1 = −4, as everywhere in our paper). In the single band case, the momentum
distribution function has a large momentum tail characterized by Tan’s contact C [51–53]. Since Tan’s
contact is defined as a thermodynamic quantity conjugate to the inverse scattering length, the two band
system in principle involves two contact parameters Ci as:
n̄i (k) −−−→
k→∞

Ci
.
k4

(19)

Indeed, one can find that n̄i (k)k4 in both bands approach constants (namely, Ci ) in the large
momentum region as in the case of single band [54]. While C1 is small because of the weak intraband
coupling (kF,1 a11 )−1 = −4, C2 in the strongly interacting shallow band is larger. Moreover, at finite λ12 ,
both C1 and C2 increase due to the pair-exchange induced interaction given by Equation (16). Since Ci
is proportional to the molecular density in the strong coupling limit, the emergence of two finite contact
parameters supports the coexistence of two kinds of molecular BEC in the present two band system.
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ni(k)(k/kF,t)4

0.3

λ12 = 0
=1
=2

0.2

i=1 i=2

0.1

0

0

1

2

3

k/kF,t
Figure 6. Momentum distribution functions n̄i (k) multiplied by (k/kF,t )4 at (kF,2 a22 )−1 = 0 and T = Tc .
Solid (dashed) lines show the results of a deep (shallow) band. The coupling in the deep band is fixed
at (kF,1 a11 )−1 = −4.

The above results for the critical temperature, chemical potential, and particle numbers obtained with
the T matrix approach thus confirm our previous findings obtained with the NSR approximation [27].
We emphasize, however, that our results presented in this paper are different from those of NSR. To make
this comparison more quantitative, we report in Figure 7a the critical temperature obtained by the T
matrix approach (Tc ) and by the NSR approximation (TcNSR ). One can see that, also in the two band case,
both approaches exhibit a qualitatively similar behavior along the BCS-BEC crossover. Indeed, as shown in
Figure 7b, the relative difference between the critical temperature obtained by the two approaches, namely
( Tc − TcNSR )/Tc , is less than 15% in the whole crossover region. An interesting feature of Figure 7b is also
the position of the maximum of ( Tc − TcNSR )/Tc . Since the expansion parameter of Dyson’s equation is
Gi0 Σi , one expects the maximum to occur for intermediate couplings. This is because in weak coupling,
Σi is small due to weak interaction, while for strong coupling, it is the large and negative chemical potential
contained in Gi0 that makes the expansion parameter small. This expectation is confirmed by Figure 7b.
In particular, for a single band, the maximum is located near the coupling strength where the chemical
potential goes below the bottom of the single band (corresponding to µ2 = 0 in Figure 4). The same
criterion holds also in the two band case, where now, the relevant band is the deep one (corresponding to
µ = 0 and thus µ2 = − E0 in Figure 4).
Notice furthermore that, as one can evinces from Figure 7a, in the strong coupling limit, the T matrix
approach reaches the BEC value for Tc more slowly than the NSR approach. In the single band case,
one can show indeed that for the T matrix approach, the BEC value for Tc is reached in the strong coupling
limit according to the asymptotic law [55]:
Tc − TBEC
( k a )3
= F ,
TBEC
3π

(20)

where all quantities refer to a single band, for which TBEC = 0.218TF . A similar power law behavior is
expected in the two band case, with a coefficient depending on λ12 . For the NSR approximation, on the
other hand, one can easily show that the correction to TBEC vanishes exponentially in the strong coupling
limit (for both the single band and two band cases). For the single band case, Equation (20) shows indeed
good agreement with ( Tc − TNSR )/Tc in the strong coupling regime (see the dashed line in Figure 7b).
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Figure 7. (a) Critical temperatures within the T matrix approach (Tc , full lines) and Nozières–Schmitt–Rink
(NSR) approximation (TcNSR , dotted lines) for different values of the coupling λ12 as a function of the
coupling (kF,2 a22 )−1 in the shallow band. (b) Relative difference between the two critical temperatures
( Tc − TcNSR )/Tc along the BCS-BEC crossover in the shallow band. The dashed curve is the asymptotic
behavior for the single band counterpart given by Equation (20) [55]. The coupling in the deep band is
fixed at (kF,1 a11 )−1 = −4.

5. Conclusions
We investigated the BCS-BEC crossover and the effects of pairing fluctuations for a two band
system within the framework of the many body T matrix approximation. We analyzed the evolution of
thermodynamic properties from BCS to BEC limits in a shallow band coupled with a weakly interacting
deep band. We confirmed the finding, previously obtained with the simpler NSR approximation, of a
strong enhancement of the critical temperature in the two band case compared with the single band case.
Furthermore, we calculated the momentum distribution functions in each band, which exhibit a large
momentum tail characterized by Tan’s contact. Generalizing Tan’s relation to the present two band model is
an interesting future problem. We finally remark that the calculation of dynamic quantities (such as single
particle spectral weight functions and density of states) should necessarily rely on approaches like the T
matrix approximation, which do not expand Dyson’s equation. For such quantities, therefore, the NSR
approach could not be used. Our analysis of thermodynamic quantities with the T matrix approach thus
paves the way toward future investigations of spectral weight functions of a two band system through the
BCS-BEC crossover.
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